We present NLO results for thermal imaginary-time correlators in the vector and scalar channels as a function of the quark mass. The range of quark masses for which a non-relativistic approximation works in the temperature range considered is estimated, and charm quarks turn out to be a borderline case. Comparing with simulation data from fine lattices, we find good agreement in the vector channel but a substantial discrepancy in the scalar one. An explanation for the discrepancy is suggested in terms of physics of the quark-antiquark threshold region. Perturbative predictions for the bottom scalar spectral function around the threshold are also briefly reviewed.
Motivation
Massive quarks have long been considered as excellent probes for the physics of a quarkgluon plasma. Due to their heavy mass they could experience changes at finite temperature that are both theoretically tractable and experimentally identifiable. The fortunate existence of both charm and bottom quarks in an appropriate mass range implies that the quark mass can be considered a tunable parameter and that theoretical predictions may be interpolated or extrapolated as a function of the quark mass. The fates of "open" heavy-flavour D and B mesons on one hand, and "bound" charmonium and bottomonium systems on the other, capture a rich spectrum of interesting physics phenomena. Heavy quarks are also relatively easy to simulate on the lattice, even though care needs to be taken in view of possible discretization artefacts.
The present study is related to lattice measurements of two-point correlators of heavy scalar densities and vector currents at finite temperature. Ultimately, the goal is to use imaginary-time correlators measured on the lattice in order to constrain the corresponding spectral functions; the latter, in turn, describe open heavy flavour physics through a transport peak at small frequency, and quarkonium physics through a threshold region at large frequency. In the present investigation the main focus is on imaginary-time correlators, which we have recently computed up to next-toleading order (NLO) as a function of the quark mass [1, 2] and compared with quenched data from fine lattices [3] .
Charm quark imaginary-time correlators
The vector and scalar correlators are defined in continuum as
where M B is the bare quark mass and 0 < τ < 1/T . As is clear from the definitions, the scalar correlator is more sensitive to the quark mass than the vector one. (Without the bare quark mass in the definition, the scalar correlator would not be renormalizable even at NLO, and it would lose its connection to the QCD Lagrangian.) Physically, the charm quark vector correlator is related to an in-medium J/ψ contribution to the thermal dilepton production rate, as well as to the charm quark diffusion coefficient and kinetic equilibration rate. The scalar density operator represents the quark contribution to the trace of the energy-momentum tensor and is hence related to the bulk viscosity of the quark-gluon plasma as well as to the charm quark chemical equilibration rate. In addition, the scalar spectral function around threshold is believed to describe P-wave charmonium states.
The lattice and NLO results for the two correlators are compared in fig. 1 . The results are normalized to massless "free" correlators,
3) where we have defined
is the MS scheme quark mass. It can be observed from fig. 1 that in the vector channel the results agree well (apart from discretization artefacts at small τ). In contrast, in the scalar channel a clear discrepancy is visible. In the following, we concentrate on understanding what is going on in the scalar correlator.
Validity of the non-relativistic approximation
In order to investigate possible reasons for the discrepancy in fig. 1(right) , it is useful to view the imaginary-time correlator as originating from an underlying spectral function ρ S ,
The spectral function represents the cut (imaginary part) of a two-point correlator in momentum space. Surprisingly, spectral functions are not particularly well studied in the presence of a quark mass: even in vacuum, the result is known analytically only up to NLO (cf. ref. [5] and references therein; numerical estimates exist also at higher orders, cf. ref. [6] ). For m = 0 NLO thermal corrections to ρ S have been computed only for the "non-relativistic" regime m ≫ πT [7] . (This is peculiar since the generalization of massless zero-momentum NLO spectral functions to a finite mass should be less complicated than to a finite momentum [8] .) It is useful to start by asking how well the non-relativistic results of ref. [7] compare with the numerically determined imaginary-time correlators computed in ref. [2] , where no approximation was made with respect to the quark mass. For this purpose, the contribution of the transport peak, which was not addressed in ref. [7] , needs to be added. Within NLO perturbation theory the transport peak yields an exactly τ-independent contribution, given in eqs. (4.8), (4.10), (4.13) of ref. [2] . We sum this to the contribution from the spectral function, and normalize the results to a purely gluonic scalar correlator, viz.
where
, and b 0 , b 1 are coefficients of the QCD β g -function. The justification for this normalization is that it is mass-independent and conveniently magnifies the interesting large-τ regime.
The result of the comparison is shown in fig. 2 . We observe that the non-relativistic approximation is accurate for m(μ ref [4] , lies in between, however surely not deep in the non-relativistic regime. This is interesting in its own right, because if the charm quarks are not really exponentially suppressed, then the question of their partial chemical equilibration may be raised [9] . 
Explaining the discrepancy in the scalar channel
Moving on, we have carried out two tests in order to probe the origins of the discrepancy seen in fig. 1(right) . The first test concerns the contribution of the transport peak. As mentioned, this yields a constant contribution within NLO perturbation theory. We have tested how changing the amplitude of the constant by a factor R changes the result:
The result is shown in fig. 3 (left), and we find no substantial improvement. The second test concerns the threshold region. Thermal corrections modify the threshold location by a well-known NLO correction [10] ,
which tends to move the threshold to larger frequencies. For a large quark mass, however, the effect is small: δ ω threshold = g 2 T 2 C F /(12m). There is an effect of opposite sign originating from a Debye-screening induced correction to a heavy quark mass, δ ω threshold = −g 2 C F m D /(4π) [11] . However, apart from these thermal corrections, there is also an important zero-temperature effect: whereas accounting for the small-τ behaviour of G S requires the use of the MS scheme or a similar running mass [2] , it is known that threshold features are better described by a pole-type mass (cf. e.g. ref. [12] ). Like in fig. 1 we denote the pole mass by M. In order to probe these effects, we have considered a shift of the threshold location by multiplying, in effects originating from quark propagators, the quark mass by a factor Q. However the .2)), and with mass resummation in the pole mass scheme. The inset shows the NLO parts and illustrates the non-convergence of the pole mass result at large ω. Right: The imaginary-time correlator, from a rescaled pole mass result at ω < 4M and MS result at ω > 4M, compared with lattice data [3] . The remaining discrepancy is probably due to the non-relativistic approximation. overall multiplicative factor m 2 originating from eq. (2.2) is left unchanged. With a particular scale choice [2] , the location of the zero-temperature threshold is thus given by the solution of
The result is shown in fig. 3(right) ; the discrepancy is considerably reduced for Q > 1. If we recall from fig. 2 that the non-relativistic approximation overestimates the true answer at these quark masses, the optimal value might be Q ≃ 1.2 or so. Remarkably, this is quite close to the ratio of the pole and MS masses for the parameter values used in ref. [3] ,
As a crosscheck, we have employed the same pole masses M/T ≈ 3.3, 3.6 as in fig. 1 (left) for treating the scalar channel threshold region. More concretely, we have considered the NLO spectral function as given in ref. [7] , which was indeed in the pole mass scheme, as well as the corresponding MS scheme one, with or without thermal mass resummation. 1 The pole mass result is not reliable at large ω, because the NLO correction overtakes the LO term and the perturbative series breaks down, cf. the inset in fig. 4(left) . We normalize the pole mass result such that it agrees with the unresummed MS result at ω = 4M; above this, the MS result is used, cf. fig. 4(left) . The resulting imaginary-time correlators are illustrated in fig. 4 (right), together with a comparison with lattice data. The agreement is much better than in fig. 1(right) , and remarkably good considering that there are errors related to the non-relativistic approximation as visible in fig. 2 .
Scalar channel spectral function in the bottom quark case
In the bottom quark case there is no doubt about the validity of the non-relativistic approximation. This permits the use of special effective theories, such as Heavy Quark Effective Theory for addressing the transport region [14] and Non-Relativistic QCD for addressing the threshold region [15] . One issue of phenomenological controversy is that whereas there is certainly no resonance peak in the scalar spectral function for M < 2 GeV, for the bottom case M ≃ 4.5 GeV a small S-channel contribution has been suggested to appear in the dominantly P-channel scalar correlator [13] . This induces a peak to the corresponding spectral function. It will be interesting to see whether a peak can be resolved from data [16, 17] with refined spectral analysis tools [18] .
Conclusions

